Recent reports have demonstrated the possibility of mitigating macrosegregation during the Direct-Chill casting of rolling slab ingots using an impinging jet. Herein, an analytical model is presented to predict the shape of the crater formed due to the impact of the jet on the slurry region. The model takes into account alloy composition, physical dimension, and casting speed on the distribution of forces and crater shape. The calculated shape of the crater profile is used to explain the centerline depletion in the impingement region previously reported.
I. INTRODUCTION
DIRECT-CHILL casting is the primary processing route for wrought aluminum products in the world today. Since its conception in the 1940s the process has undergone significant advancements in order to improve productivity and deter defect formation. One of the most persistent defects is macrosegregation, or the large-scale inhomogeneity of the concentration of solute elements throughout the casting. Of particular concern in hypoeutectic alloys is the formation of a severely solute-depleted centerline, [1] which is responsible for mechanical property variations in rolled plate products. [2, 3] We have recently postulated the dominant role of the accumulation of solute-lean grains on the formation of this centerline region. [4] In order to prevent the preferential sedimentation of these grains, we have proposed the use of a turbulent jet to re-suspend excess grains [5] thereby mitigating centerline segregation. The results from the original study [5] examined only cross-sectional samples of the ingots and found a significant reduction of centerline segregation using a properly scaled jet under steady-state conditions. A subsequent examination along the length of the entire ingot showed that the region directly underneath the impinging jet exhibited similar centerline segregation to that observed in the standard case. [4] We postulate that the crater formed by the impinging turbulent jet at the bottom of the sump is a proxy for the relative amount of material (grains) re-suspended from the centerline. In the present work we develop an analytical model to describe the shape of the crater formed as the turbulent jet impinges on the bed of grains at the bottom of the ingot sump. This calls for an in-depth investigation of the re-suspension of sedimenting grains due to the relative roles of pressure and shear forces, whose independent values due to an impinging jet have been presented in detail in Appendix 1.
II. SETTING OF THE MODEL
We model the crater shape formed by a jet impinging perpendicularly onto a granular bed. The equations derived in this model are applicable to all Newtonian suspension systems, but we investigate the case of a vertical jet impinging on the two-phase region of a solidifying metal casting. Figure 1 is a schematic of this condition, specifically referencing the case of aluminum DC casting as practiced at industrial scale and discussed in References 4 and 5.
A. Stability Criterion and Zone of Erosion
This section considers the forces exerted on the grains comprising the granular bed. This enables the determination of the zone of erosion and quantifies the movement of grains as a function of the fluid dynamic characteristics of the jet.
Three forces act on a single grain reposing on a planar bed at angle b (see Appendix 4 for symbols) from horizontal, the force driving motion in the vertical and radial directions F r and F y , and the weight of the grain W. Motion is resisted by a frictional force arising from the contact of the grain with the surface. The static angle of repose is defined as a which is the minimum angle of inclination of the bed for grains to initiate their movement without any fluid flow (for spherical grains, the static angle of repose is approximately a = 32 deg). This configuration is illustrated in Figure 2 .
An individual grain will begin to move if the rotational moment about its point of contact with a neighboring grain exceeds the moment due to the weight of the grain. This condition can be expressed as:
thus, we can see that the condition for the initiation of motion is:
Motion will inevitably occur if the planar inclination exceeds the angle of static repose (b > a). The forces F r and F y are the forces induced within the bed by the impinging jet. The submerged weight per unit volume (accounting for buoyancy) is approximately 470 N/m 3 , as calculated by
where C b is the concentration of grains within the bed (~20 vol pct). This sets the weight required to complete the inequality in Eq. [2] , evaluated here at g = F(n) (see Appendix 2) resulting in the following relationship:
where dF dn ¼ ÀtanðbÞ; ½4
The above two equations allow us to introduce a new dimensionless parameter, defined as:
which is the ratio of the pressure gradient to the gravitational force. Similar to the Shields parameter, H represents the relationship between the driving and stabilizing forces. We will call this the 'effective' erosion parameter, similar to that described by Rajaratnam. [12] This analysis defines the condition for a downwardly impinging turbulent jet to move grains. The rotational moment about the contact point derived from the radial force F r must be sufficient to overcome the resistive moment derived from the weight of the grain, even when the downward force of the impinging jet may augment the weight of the grain.
B. Influence of Casting Parameters on Force Distributions
The analysis presented above provides the conditions of stability of the crater walls formed by the impinging jet as a function of the forces F r and F y, generated within the bed. Appendix 1 contains a review of the pressure and shear forces generated by a downwardly impinging circular jet on a flat, rigid plane. These forces are evaluated for a fixed nozzle height above the bed (H). In the case of DC casting, the height above the transition region (sump depth) is a function of the physical mold dimensions, as well as the casting speed and alloy composition. This means that (H) is a functional variable, and must be determined for each specific casting condition. Figure 3 is a representation of the distribution of shear and pressure forces as a function of casting speed. These calculations were performed using the sump depth relationship proposed by Myhr [6] as a proxy for the height (H) above the granular bed, for an ingot of Al4.5Cu cast in a 600 9 1750 mm mold with a 20-mm-diameter jet. Since the diameter and velocity of the expanding jet (plume) is a function of the height above the bed, we can expect the distribution of fluid forces to also vary as a function of casting conditions.
C. Influence of Casting Parameters on Crater Shape
Given the distribution of forces described in Appendix 1, it is possible to calculate the fluid flow within the granular bed. The percolation of shear and pressure forces through the bed allows the suspension of grains located deep within the bed, thus generating an erosion crater. The calculations of the fluid dynamic forces through a permeable bed are presented in Appendix 2. With the distribution of forces within the bed, the equilibrium shape of the crater is obtained by enforcing the equality in Eq. [3] . A description of the numerical method is provided in Appendix 3. While these calculations presented in appendices are performed for a jet of arbitrary velocity and dimension, it is possible to couple the casting parameters to find the equilibrium shape of the crater in the case of DC casting of aluminum alloys. By specifying the casting speed as well as the mold and jet sizes we can determine the velocity of the jet as it enters the molten pool. Using the sump depth relation described by Myhr, [4] the degree of expansion of the jet is obtained. Coupling these parameters to the force parameters described above allows for the full computation of the crater shape for a given casting condition. Figure 4 is a 3-dimensional representation of the crater formed in the slurry region of a 600 9 1750 mm Al4.5Cu ingot cast at 60 mm/min with a 20 mm jet. Figure 5 is a representation of the various crater profiles formed by varying the casting speed of a 600 9 1750 Al4.5Cu ingot cast with a 20-mm-diameter jet. As mentioned above, casting parameters will have an influence on the distribution of forces transmitted to the bed. Thus, since the combination of these forces Fig. 3 -Pressure ratio (top) and shear stress (bottom) distributions for a radially impinging turbulent jet, as a function of casting speed for an Al4.5Cu ingot cast in a 600 9 1750 diameter mold using a 20-mm-diameter jet. The height (H) was calculated from the sump depth relation proposed by Myhr. [6] determines the final crater shape, we can expect casting parameters to also have an influence on the crater shape.
III. DISCUSSION
As observed in Figure 3 , the functional form of the distribution of forces remains consistent through a relatively large range of casting speeds. However, the increased depth (H) obtained at higher casting speeds lead to a larger jet expansion. This leads to a broader radial distribution of the forces, but does not modify the trend. This broader distribution of forces corresponds to an effective widening of the crater as can be seen in Figure 5 . Perhaps contrary to expectation, increased casting speed also causes a deepening of the crater. We may expect the depth of the crater to decrease with increased sump depth. However, it is important to recognize that an increase in casting speed corresponds to a higher volumetric flow rate and thus a higher jet velocity. This means that there is a higher centerline jet velocity at the bed despite a larger sump depth (and increased degree of jet expansion). As can be noticed in Figure 4 , the impingement region directly underneath the jet actually undergoes significantly less erosion than the region immediately adjacent to the zone of impingement. This means that even though the bulk erosion of grains has an impact on the slurry zone in the center of the ingot, the region directly underneath the jet will not experience the same degree of re-suspension due to the negligible shear stresses at the impingement point. Thus, while the overall cross-sectional macrosegregation profile exhibits significant improvement over the standard as demonstrated in Reference 5, the longitudinal segregation; measured exactly at the impingement point; does not exhibit the same dramatic effects. The longitudinal centerline concentrations reported in Reference 4 for all of the jet diameters are on par with the one observed in standard DC cast ingot [7] seemingly in contradiction with the cross-sectional profiles of the same ingots. However, the sample size for those longitudinal reports [4] is a few cm 2 of area, as compared to the 0.6 m 2 analyzed in the cross-sectional profiles from Reference 5. Thus, while the experimental sample taken at the impingement point in Reference 4 exhibits little difference from the standard case, it should not be taken as a representation of the jet behavior adjacent to the impingement point. As can be seen in Figure 4 , the region with maximum erosion occurs at r = 5 cm.
Given that the turbulent jet is designed to remove only the mobile grains in the slurry region, once these grains are removed, the remaining energy of the jet is directed into the cohesive mass of interconnected grains known as the mushy zone. A jet impinging on such a surface no longer behaves in the same way as a jet impinging on a cohesionless granular bed. Mazurek and Hossain [8] noted that under such conditions the bed removal of cohesive soils is much more random, as large masses of material can break off at once. In comparison with the uniform removal of loose granular material, a jet of sufficient power could cause the bulk erosion of the coherent network of grains (mushy zone) instead of uniquely suspending mobile grains (slurry region). The periodic removal of large masses of coherent grains could contribute to the random fluctuations in composition found in the most turbulent jet conditions reported in Reference 4.
The experimental observations of other researchers [9] match our prediction of crater formation in axisymmetric castings. However, experimental results do not seem to indicate the lack of erosion present along the centerline. The influence of turbulent interactions in those experiments may be the cause of this discrepancy. Our work indeed demonstrates that the region directly underneath the jet has a significantly reduced potential for erosion. In the case of planar, axisymmetric beds, turbulent eddies would most likely supplement this deficiency. However, in the case of rolling slab ingots, the shape of the sump is notably V-shaped when viewed from the short face. [6] The corresponding walls can act as baffles, guiding the flow out and away from the impingement point, towards the short face of the ingot. This flow re-direction would serve the additional purpose of re-suspending additional grains found along the centerline of the ingot, while inhibiting the deep erosion found by Zhang et al. [10] In the case of rolling slabs, the re-direction of the majority of the jet flow could inhibit turbulent interactions and allow the grains directly under the jet to remain undisturbed. This would then account for the depleted region found in the center of the ingot in Reference 4.
IV. CONCLUSION
In order to better understand the erosion behavior of a turbulent jet impinging on the bottom of the sump of a DC cast ingot, we have developed a model to predict the crater profile formed during such a process. This model incorporates the distribution of both shear and pressure forces and their relative magnitudes as a function of location. From this model, we have been able to explain the seemingly anomalous behavior of the turbulent jet at the impingement point. Due to the lack of mobilizing shear forces, this small area undergoes less erosion than the area just adjacent to the impingement point. Thus, while the rest of the ingot centerline may exhibit very little solute depletion, the impingement point may exhibit normal centerline depletion. For this reason, future studies of transient segregation behavior should take samples a few centimeters away from the exact center of the ingot. While this study focuses on the impingement point of the jet, additional studies should be dedicated to the prediction of the flow direction and velocity further away from the impingement point.
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APPENDIX

Appendix 1: Impinging Jet Flow Force Distribution
The impinging jet flow generates the pressure and shear stress distributions within the bed discussed above. Beltaos and Rajaratnam [11] and Rajaratnam [12] performed experiments of jets impinging on a rigid plane. The source of the jet had velocity U 0 , diameter a, and was at a height H above the plane. The continual impingement of a jet onto an erodible bed generates substantially different flow patterns from the impingement on a rigid boundary because the bed topography is actively modified and thereby creates a dynamic flow regime. In our analysis we consider the rigid plane analysis because the individual period of consideration is small enough to ignore large-scale flow pattern changes due to erosion. Beltaos and Rajaratnam [11] found experimentally that the pressure at the stagnation point is given by:
We can take the Fourier-Bessel transform of the pressure field with respect to r, if we assume that the pressure field decays rapidly away from the stagnation point (See Appendix 1). We denote the transformed variables byp ¼ ðk; yÞ and thus:
If we invert the transform, we can find the standard result [17] : p r; y ð Þ ¼ Using a numerical integration scheme, we can derive the pressure distribution within the bed:
Since the non-dimensional permeability k À2 K=H 2 < <1; an ''effective'' boundary layer exists within the flow through the porous media next to y = 0. Within this boundary layer, viscous dissipation cannot be ignored. Outside of this layer however, Darcy stresses are dominant and the velocity field is linearly related to the gradient of the pressure field (i.e. we can ignore the first term of Eq. [9] . Within the boundary layer, variations in vertical direction become more significant than those in the horizontal direction, and we can determine an approximate velocity field given by: 
Using these relations, we can approximate the dimensionless force per unit volume acting on the grains, averaged over a grain diameter, consisting of radial and vertical components decomposed into:
The boundary layer thickness is generally on the order of (1/k), representing the depth through which the surface stress is transmitted. Thus, we can conclude that the shear stress is absorbed by the granular bed over a short vertical distance which is on the order of a single grain diameter, whereas pressure distributions are transmitted over much greater length scales. Similar experimental conclusions were made by Fernandez-Luque [18] and Wiegel. [14] Appendix 3: Erosion Boundary Calculation
The erosion boundary can be calculated from Eqs. [3] , [4] , [24] and [25] . Far from the impaction point, there is no excess pressure and so the boundary returns to the bed surface. We can solve for the point where this occurs by enforcing the equality from Eq. [3] and solving for tan(b) = 0. The distance between the impaction (stagnation) point and this far boundary condition is the zone of influence of the jet.
Erosion boundary profiles are calculated for various values of the erosion parameter and are shown below in Figure A2 .
For these profiles, k has been set to 1000. Since this permeability coefficient is generally a constant for a granular bed, the form of these erosion profiles will remain consistent. Two distinct regions can be seen through these erosion profiles. Close to the surface of the bed, a thin shear layer mobilizes particles. However these effects dissipate rapidly, and further from the surface, the induced pressure field causes grain migration.
